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ABSTRACT 

This study investigated the independent strategy 
development of 7" to 12-year-'old children from the suburbs of 
Brisbane, Australia in solving a series of novel, two- and 
three-dimensional combinatorial problems. For each of the problem 
types, a sequence of five, increasingly complex, strategies was 
identified from the children's actions and explanations as they 
manipulated t:he problem materials. These strategies ranged from 
inefficient tri al-and-error methods to efficient ''odometer" 
procedures. Changes in the children's strategies as they progressed 
on the problems suggested modifications to their knowledge of •'he 
combinatorial domain. Children's knowledge growth was analyzed in 
terms of their acquisition of a number of domain-specific principles. 
Such principled knowledge is, in itself, insufficient for problem 
solution. Children's ability to monitor their actions, detect and 
correct errors, and recognize problem completion played a crucial 
role in goal attainment. With experience in problem solution, the 
older children, in particular, became more aware of the problems' 
underlying structure and how they could modify their inefficient 
strategies to produce more effective solution methods. Contains 51 
references . (Author/MDH) 
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Children's strategic and metastrategic knowledge 



Abstract 

This study investigated 7 to 12 year-olds' independent strategy 
development in solving a series of novel, two- and three-dimensional 
combinatorial problems. For each of the problem types a sequence of 
five, increasingly complex, strategies was identified from the 
children's actions and explanations as they manipulated the problem 
materials. These strategies ranged from inefficient trial-and-error 
methods to efficient "odometer" procedures. Changes in the children's 
strategy use as they progressed on the problems suggested 
modifications to their knowledge of the combinatorial domain. 
Children's knowledge growth is analyzed in terms of their acquisition 
of a number of domain-specific principles. Such principled 
knowledge is. in itself, insufficient for problem solution. Children's 
ability to monitor their actions, detect and correct errors, and 
recognize problem completion played a crucial role in goal attainment. 
With experience in problem solution, the older children, in particular, 
became more aware of the problems' underlying structure and of how 
they could modify their inefficient strategies to produce more 
effective solution methods. This metastrategic knowledge is 
considered to play a major role in children's acquisition and 
stabilization of efficient strategies and their discarding of less 
effective methods (Kuhn et al.. 1988). A more sophisticated 
metastrategic knowledge base may be largely responsible for the 
older children's superior performance on the more complex 
combinatorial problems. 
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Introduction 



W,fl, change i„ ^^^^^ ^^^^^^^ 

«r„.„, eos„Ui„„ Ha. emerge, a new vision „, .a„ca.ion 
(R-mck & R^nidc. ,9,0; Jones. 199,). This new pe„pec«ve 
emphasise. tt,e development of students' proWem-solvin, 
competence, liiglier-order thinldne slcilk .„h 

,„ , nmrang skills, and self-regulated learnini 

Ha pern 1992; .one. ^ idol. 1990). Recent cu..cu,n. docn„.nts 

T " '^^■'^''^'''''''---^^ ■ 

(National Council o, Teachers o, Mathematics. ,989) 
reflect this trend with thHr ^ry>^u ■ 

«>e,r emphasis on empowering children as 
.hmkers and problem solvers. The S^,^ 

aevelopment of children, mathematical power, namely, their ability 

•o explore, conjecture, and reason logically, as well as their ability to 
a vanety of mathematical methods effectively to solve 

nonroutine problems" (NCTM, p.5). 

Despite the increased focus on problem solving and reasoning 

-d.es on childten's competence in solving novel problems have not 
been prol.fic, particularly in the mathematical domain. The bulk o, 
.he research in this field has examined children, skills in solving 
June arithmetic problems (e.g. Bisan. & Ufevre, 1990; Carpenter 
Moser. * Bebout. ,938; Har^nn * A,hcraft. 1985; Siegler * .enkins', 
1989). These studies have shed considerable light on children's 
strategy discovery and generalization in numerical operations where 

ccuracy. speed, and retrteval have been o, prime concern (eg 
S.esler & Jenkins. 1989). Considerably less attention has been' 
devoted to the strategies children apply in solving mathematical 
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problems that do not involve written or oral computations. Problems 
where children can create, test, and modify their own solution 
strategies, while at the same time acquire important mathematical 
principles, play a significant role in the development of children's 
mathematical power. Such problems are particularly worthy of 
investigation. 

The focus of the present study is on children's independent 
strategy development in solving a series of novel, "hands-on" 
combinatorial problems set within a meaningful context (dressing toy 
bears). It was hypothesised that, with no prior instruction and 
receiving feedback only through their interaction with the physical 
materials, children would apply their informal knowledge of the 
problem domain in their initial attempts at solution. By exercising 
their existing strategies in repeated encounters with these problems, 
at least some of the children would be likely to modify their 
beginning strategies (Anzai &. Simon, U79; Kuhn & Phelps, 1982). 
Children's adoption of more advanced strategies and their 
abandonment of old, inefficient methods would be indicative of their 
learning in the combinatorial domain. Their understanding of the 
problems and the problem domain would be inferred from their 
move sequences as they manipulated the problem materials (Ericsson 
& Oliver, 1988). Children's explanations of their strategies would 
provide some insight into their development of metastrategic 
knowledge (Garner & Alexander, 1989; Larkin, 1984) and would also 
highlight the role of the self-direction factor in children's cognitive 
growth (Gelman & Brown. 1986; Kuhn & Ho. 1980). This article 
adresses the findings of this study and has three main aims: 
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1. To describe the strategies that 7 to 12 year-olds apply to the 
solution of simple (X x Y) and more complex (X x Y x Z) combinatorial 
problems where no prior instruction has been given. 

2. To delineate the changes in these strategies as children progress 
from the simple to the more complex problems. 

3. To trace the development of the underlying principled knowledge 
(Gelman & Greeno, 1989) and metastrategic knowledge (e.g. Kuhn & 
Phelps, 1982) reflected in the children's strategies. 

Background 
The nature nf strgf pgt^c 
While there are diverse opinions on what constitutes a strategy 
(Bisanz & LeFevre, 1990). there is nevertheless some agreement on 
its key features. It is usually accepted that strategies are "goal- 
directed operations employed to facilitate task performance" 
(Harnishfeger & Bjorklund. 1990. p.l). They are frequently seen as 
domain specific (Pressley. Borkowski. & Schneider. 1987) and 
designed to facilitate both knowledge acquisition and utilization 
(Prawatt. 1989). Some view strategies as necessarily involving a 
choice of procedures (Siegler & Jenkins. 1989). with the procedure 
being invoked in a "flexible, goal-directed manner ... that influences 
the selection and implementation of subsequent procedures" (Bisanz 
& LeFevre. 1990. p.236). Procedures which create new procedures or 
alter old ones in flexible ways are also considered strategic (Bisanz & 
LeFevre. 1990). There are others who emphasize the "potentially 
conscious and controllable" nature of strategies (Bjorklund. Muir- 
Broaddus. & Schneider, 1990; Pressley et al., 1987), as well as the 
"dynamic interaction" of strategies, one's knowledge of the strategies, 
and one's monitoring of their implementation (Pressley, Forrest- 
Pressley. Elliott-Faust. & Miller, 1985). Within the framework of the 
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present study, strategies are viewed as goal-directed procedures 
which facilitate both problem solution and acquisition of domain- 
specific knowledge. They are also seen as potentially conscious and 
controllable procedures. 

. Chil<iren's — strategy devftlnp mfnf 
Research in the last decade has presented convincing evidence 
that children behave strategically, are able to direct their own 
learning, and acquire a knowledge of the domain in which they are 
working (e.g. English. 1991; Gelman & Brown. 1986; DeLoache. 
Sugannan. & Brown. 1985; Karmiloff-Smith. 1984; Gelman & Greeno, 
1989). For children to behave strategically in solving problems, they 
must firstly realize that their actions influence their progress towards 
a goal and then keep the goal in mind as they solve the problem. As 
children become more aware of the outcomes of their actions in 
problem-solving situations, they give more attention to the behaviors 
they use to achieve the goal. This results in enhanced awarenesss of 
the connection between their actions and the goal. As this awareness 
improves, children will be more likely to monitor their progress 
towards the goal, resulting in heightened consciousness of their 
actions and increased effectiveness of their strategy (Bjorklund & 
Harnishfeger. 1990). 

The work of DeLoache et al. (1985). involving children's free play 
with a set of nested cups, indicated that children progress from trial- 
and-error behavior to a careful consideration of the relationships 
among elements of the problem as a whole. Other studies have 
revealed this general progression from immature to mature activities, 
where children create and modify solutions, detect and correct their 
errors, and develop more mature strategies on their own own (e.g. 
Gelman & Brown. 1986; Karmiloff-Smith, 1979; Burton. 1992). This 
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con,e. .ncasingl, e«ec«ve „i«. age, due „a«. . „„der„l„g 
2 n.=s .„ cMM.„.s knowledge ^se. .e. ,„„,,„g 
r ""-—ring .Ml. (e.g. BjerUnnd ^ ffa^i,,,,,,, 
Brown & Kane, 1988). 

The development of children, conceptual and n>e.as.ra.egic 

-ndamen., importance .„ „a.he„.tlos education (e.g. English. 
Schoenfeld, 1992; Garofalo & Uster 19851 r, . 
„„,„.„. . ■ 0"= promising avenue for 

«xplonng changes in children's mathematical knowledge lies in the 
oompetence model of Oelman and her associates (Oelmau * Meek, 
1986, Oetaan & Greeno. ,989). The, argue .ha. many cognitive 
-.esi« reflec. underlying principled knowledge of the problem 
aomarn and .hat children's initial understanding of .he domain is 

m - P ■^«)- As child.„ gain experience with the prohlem domain, 
hey acurre a knowledge of the principles of the domain and 
urthermore. demonstrate a more explicit or s..a.le understanding 
Of .hese. Early principled knowledge s«.c«.„s attention towards 
don,a.n-relevan. inputs and guides the learning of new principles. 
Th.s vrew .s consistent with the well established notion .ha. prior 

Tel Id!: - °- -^o-ion 

encoded and learned (Resnick, ,986; Siegler & Jenkins, ,989) 

A mode, Of principled .earning a,so provides a means of 
etennining ^^^^ ^^^^^ ^^^^^ ^ 

domain. The more children's knowledge can be. charac.ri.ed i„ 
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terms of the principles of the particular domain, the more it can be 
said they have a "theory" (Gelman & Greeno. 1989, p.l30). Children's 
competence in the domain is viewed in terms of their ability to 
generate competent plans of action that meet the constraints of the 
knowledge principles in that domain. 

While domain-specific competence is necessary for successful 
problem solving in a domain, it is not considered sufficient. Domain- 
general competencies are also required for the production of a 
competent plan of action (English, 1992; Gelman & Greeno, 1989; 
Greeno & Riley, 1987). Because the planning component of the 
Gelman and Greeno model has to determine whether a chosen 
strategy meets the requisites dictated by the principles, it can serve 
as a potential source of feedback to children solving a novel problem. 
If the requisite conditions are not met, the plan or its execution can 
be rejected or terminated. This means that the child can start again, 
without being explicitly told to do so. 

The fact that children do modify their strategies during the 
course of repeated encounters with a problem, in the absence of 
instruction or experimenter input, highlights the contribution of 
metastrategic knowledge (K".hn & Phelps, 1982; Kuhn et al., 1988; 
Pressley et al., 1987). Children's capacity to monitor their actions, 
noting the relationship between their outputs and the problem goal, 
promotes the growth of this knowledge. Through problem 
experience, children acnuire not only knowledge about the particular 
problem, but also knowledge about their own strategies as they apply 
to the problem. That is, they come to realize how a particular 
strategy works, why it works, and why it is the most appropriate for 
the problem. Included in this metastrategic knowledge is knowledge 
about less efficient strategies, why these do not work or why they are 
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inappropriate for the problem, and the errors that can result from 
their use (Kuhn et al., 1988). 

Choosinp fl n nnnrgpriate Hnm^ ;!^ 
As previously mentioned, non-routine problems which encourage 
children to create their own solution strategies rather than apply a 
leernt rule or algorithm play a significant role in mathematics 
education. In the absence of an expert solution procedure, children 
must rely on their general problem-solving strategies and hence will 
be more likely to display some metastrategic knowledge in solving 
these problems. 

While the problems should be challenging to children they should 
nevertheless be solvable and hence their parameters need to be 
unfamiliar but their contexts familiar (Sternberg, 1985). The 
mathematical topic of combinatorics, involving the selection and 
arrangement of objects in a finite set. readily meets these criteria. 
Furthermore, the domain comprises a rich structure of significant 
mathematical principles which underlie several areas of the 
mathematics curriculum, including counting, computation, and 
probability. In simple mathematical terms, combinatorics may be 
viewed as the operation of ero.s.s prpdnn. The cross product of two 
sets, X and Y. is the set of combinations obtained by systematically 
pairing each member of X in turn with each member of Y, as shown in 
Figure 1 (V). In more complex examples involving combinations of 
three elements, each member of set X must be systematically 
matched with each member of set Y aM set Z, as shown in Figure 2 
(V). This tree diagram represents the most efficient way of forming X 
X Y X Z combinations. However there are several other. less efficient, 
methods of generating these combinations, as discussed later. 
Because the combinatorial domain offers meaningful problems which 

iO 
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allow for varying levels of solution, it is an eminently suitable topic of 
investigation in the mathematics curriculum. 

The combinatorial domain is also of significance from a 
developmental perspective. It is a major component of Piagefs 
theory where it plays a significant role in cognitive development 
(Piaget. 1957; Flavell. 1963). The combinatorial system is evident in 
a subject's ability to "link a set of base associations or 
correspondences with each other in all possible ways so as to draw 
from them the relationships of implication, disjunction, exclusion etc " 
(Inhelder & Piaget. 1958. p.l07). The important cognitive strategies 
here are isolation or control of variables, and systematic combination. 
The appearance. of a systematic method of generating combinations is 
said to occur at the onset of the formal operations stage (Piaget & 
Inhelder, 1975). 

Overview of study 
The next section describes the problems administered in the study 
and examines the domain knowledge expected of both the novice and 
expert problem solver. This is followed by a description of each of 
the strategies identified from the children's actions. An analysis of 
the responses of individual children across the problems with an 
emphasis on their strategy development is then examined. Finally, a 
theoretical analysis of the domain-specific and metastrategic 
knowledge underlying the children's strategy development is 
undertaken. 

The combinatorial problems 
A series of six problems was designed for the study. The 
problem: required children to dress toy bears in all possible 
combinations of colored tops and pants (first three problems) or 
colored tops, pants, and tennis rackets (remaining three problems). 
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The bears were made of thin wood and and were placed on a stand. 
Once the bears had been dressed they were arranged in a line so that 
the completed outfits could be clearly seen. The clothing items were 
made of colored card and were backed with adhesive material to 
facilitate the dressing process. 

Problems 1 to 3 were two-dimensional problems (tops X pants) 
which had been used in previous studies (English. 1988; 1992) while 
problems 4 to 6 were more complex three-dimensional examples 
(tops X pants X tennis rackets) designed specifically for this study. 
Problems 1 and 2 involved 6 combinations, namely. 2 sets of tops X 3 
sets of pants (problem 1) and 3 sets of tops X 2 sets of pants 
(problem 2). Problem 3 extended the number of combinations to 9 
(3 sets of tops X 3 sets of pants). Problems 4 and 5 incorporated 8 
combinations (2 ms of tops X 2 sets of pants X 2 sets of tennis 
rackets). The final problem was the most complex, involving 12 
combinations (2 sets of tops X 3 sets of pants X 2 sets of tennis 
rackets). 

The successful completion of these problems requires children 
to make moves that are directed towards the satisfaction of goals 
determined by problem-solving constraints (Glaser & Pellegrino. 
1982). The minimum set of constraints that children must meet in 
solving these problems is as follows: 

1. A constraint on the types of items to be combined. That is. items 
of the same type cannot be combined, such as two tops or two pants. 
A combination n^-ist comprise one top and one pair of pants (and a 
tennis racket). 

2. A constraint on similarity across combinations. That is. given the 
ordered pairs of items (a. b) and (c. d) where a and c represent any 
tops and b and d any pants (in the case of the two-dimensional 

12 
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problems), different combinations will result if any of the following 
is adhered to: 

i. a is different in color from c, and b is different in color from d; 

ii. a is the same color as c, and b is different in color from d; 

iii. a is different in color from c. and b is the same color as d. 
A particular case of these constraints warrants citing: 

iv. a is the same color as b. and c is the same color as d. but a is 
not the same color as c. 

This fourth constraint allows items within a combination to be 
the same color (e.g. red top/red pants) while items across 
combinations must be different (e.g. red top/red pants and blue 
top/blue pants). 

An awareness of the above constraints would be sufficient for a 
trial-and-error approach to problem solution where items would be 
generated in a random fashion, as indicated in Figure 1 (i), then 
selected and combined according to the the above rules. Since there 
would be no evidence of forward planning in such behavior (Rogoff. 
Gauvain. & Gardner. 1987. the children's self-monitoring processes ' 
would be particularly important. On the other hand, the most 
efficient strategy for solving the problems would reflect a clear plan 
of action with a focus on the overall goal of generating all possible 
combinations (Rogoff et al.. 1988). In contrast to the novice 
strategies where an item is not selected more than once in 
succession, the expert strategy involves the repeated selection of an 
item (referred to here as "holding an item constant") and 
systematically matching it with each of the other, "varying" items. 
These latter items are varied in a cyclic fashion, as shown in Figure 1 
(v) (Yi. Y2. Y3, Yi, Y2. Y3....). Because this method resembles the 
working of an odometer in a car, it has been labelled the "odometer" 

13 
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strategy (English. 1988; Scardamalia, 1977). In the case of the two- 
dimensional prodlems (X x V) there is only one item (X) to be held 
constant at any one time, as indicated in Figure 1 (v). For the three- 
dimensional problems however, there are two items (X and Y) which 
are held constant at any one time. The item which is changed least 
often (X). that is, the slowest moving dimension, is referred to here 
as the ma j or constant it ^ m ; the item that is changed more frequently, 
the faster moving dimension, is termed the minor ^nnct.n^ i^ .^ 
(refer Figure 2 v). 

It is worthwhile noting that, for young children in particular, 
the repeated selection of an item seemingly goes against the grain' of 
the problem goal of diffemni combinations. A previous study 
(English, 1988) had shown that some children are initially reluctant 
to select an item more than once in succession, perhaps because they 
interpret "different" to mean "different in all ways" and thus see the 
goal of "all different outfits" as an indication to make each new outfit 
completely different from the previous outfit(s). It could be that 
children avoid repeating the selection of an item because they see it 
as going against the problem goal. Such behavior reflects the 
difference-reduction method of problem solving (Anderson. 1985. p. 
206) where problem solvers attempt to make the current state as 
similar as possible to the desired goal state. However a correct 
solution frequently involves going against the grain of similarity 
(Anderson. 1985). In the case of the present problems, selecting the 
aims, item in succession is a key feature of the most efficient 
combinatorial strategies. 

The design of the study problems, from simple to complex, 
facilitated observation of the children's strategy development as 
they tried to accommodate the more complex three-dimensional 

14 
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"ajle. To assess d,e crfeou of .he .„i.ial tw„-d,n,ensiona. " 

o«P o, „ and ,2 ,e.-o,d children was used. This group was 
a n,.n.„s.ered .he «„al .wo. .hree-di^enslonal problems onl, 
Eleven and twelve year-olds were ^f,« u 

chilHre K " ^he older 

children who were showing the m«r« u- • 

nowing the more sophisticated strategy 

development across the two problem types. 

Method 

Nine,y-slx children par.iclpa.ed in «,e s.udy. 24 serving as a 

«ud,es involving co^bina.orial problems and none bad been Uugb. 
- .nalorics in school. The children were randon,, .eleced l! 
one large s.a« school and .hree s^all „o„.s..e schools locared in 

i! a ; T: ~ " — ■ - 

n eac o, s.x age group. 7 „ ™o„,bs .0 7 years 6 .on.hs. 8 
ears 0 months .0 S years 6 n,o„.hs.,..,2 years 0 „on.hs .0 n years 
n.o„.h.. There were approxi™a.ely e,„al numbers 0, „a.s and 

fen,ale:s ,„ each age group. The con„ol group comprised 12 eleven 

year-olds and 12 twelve year-olds. 

basis T - - '"^'v'O-a. 

b S.S by a resea^h assisun. who was a qualifled .eacber. Each 

chrlds responses were videotaped for subsequen. analyses. A. .he 
conunence^en. o, each problem .he child was i„s„uc.ed .0 dress *e 
bears so tha. each had a different „.,.«, /■ 

""ft terms of tops and pants 
only, or tops, pan.s. and tennis rackets). To ensure the child 
"nders.ood .be problem, a fan,ilUri«.ion ,ask was adn.inis.ered 
The goal here was simpl, .„ dress the bears. The .ask was 
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designed to test children's color recognition, as well as to establish an 
understanding of the terms, "outfit.-and "same/different outfits " 
The latter term was crucial in the interpretation of the problem goal 
especially when a common item was present. For example, the 
outfits. lsd_M^^. and r.d_tfiBZydta_pant^ are different 
from each other even though they have a common item. During this 
familiarization period the children were not given any information 
that could bias their performance on the problems. For each of the 
remaining problems, the children were provided with more 
materials (both bears and items) than were needed. This was to 
ensure the children did not use item depletion as a signal that they 
had solved the problem. The children were expected to complete 
each problem without assistance and were asked to explain their 
procedure at the end of each of the last three (three-dimensional) 
problems. Oral reports were not sought for the two-dimensional 
problems as these had been obtained in previous studies (English 
1988. 1992). ' 

Codinp protn<>f >^<f 
The data obtained were in the form of videotaped responses of 
the children manipulating the task materials (that is, how they 
selected and combined items) and their verbal explanations of how 
they did this. 

Each child's protocol on each problem was converted into a tree 
diagram. Since tree diagrams provide an effective visual tool for the 
generation of combinations (DeGuire. 1991; Graham, 1991). they 
were considered a suitable naeans of representing the children's 
strategies. The clothing items were represented on the tree 
diagrams by the labels X,.3 and Y,.3 for the two-dimensional 
problems and X.3. Yu3, and Z,., for the three-dimensional examples 
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(refer Figures 1 and 2). Items labeled X were changed least 
frequently and were designated as the major constant items. Items 
labeled Y were changed more frequenUy and were the minor 
constant items in the case of the three-dimensional items and the 
varying items in the case of the two-dimensional problems. Items 
labeled Z were the varying items in the three-dimensional problems 
and were changed most frequently. An expert strategy would 
involve changing items X and Y the least number of times possible. 
That is. item Xi would be held constant and would only be changed 
(and replaced by X2) when it could no longer generate new 
combinations (refer Figures Iv and 2v). A novice strategy on the 
other hand, would change these items frequently, normally not using 
each X item more than once in succession. 

The number of times children changed the major (X) and minor 
(Y) constant items was the main criterion used in distinguishing the 
more efficient strategies. This criterion however, did not clearly 
distinguish among the less efficient strategies where children 
changed the X and Y items frequently. In these cases, additional 
criteria were used. For the two-dimensional strategies, it was the 
presence of a pattern in children's item selection (usually in the 
selection of one item type only). For the three-dimensional 
examples, it was the extent to which the Y items were exhausted, 
that is. matched with both Zi and Z2. More specifically, the criterion 
here was the ratio of the number of Y items exhausted to the 
number of Y items not exhausted. The next section describes the key 
features of each of the strategies and examines children's progress 
across the problems. 
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Results 

Children's solution stratogj ^c 
A series of ten, increasingly sophisticated, strategies became 
apparent after the children's responses were categorized using the 
foregoing criteria. The first five strategies were used in the solution 
of the two-dimensional problems and are labeled 1 through 5 for 
ease of reference. These strategies arc illustrated by a series of tree 
diagrams for the 3 X 3 problem in this instance (refer Figure 1). The 
remaining five strategies, labeled 6 through 10. were applied to the 
solution of the three-dimensional problems and are represented by 
tree diagrams for the 2 X 3 X 2 problem (refer Figure 2). The 
categories used to classify the children's responses into strategies 
were subjected to a reliability check. The responses of 20 children 
were assessed by two independent raters; this yielded a 90 per cent 
level of inter-rater agreement. The discrepencies were mainly 
confined to the less efficient strategies and were readily rectified. 



INSERT HGURE 1 ABOUT HERE 



Two-di mensional strat^g iyjc 

Children's strategies on the two-dimensional problems ranged 
from a random selection of items through to a pattern in item 
selection and finally, the complete odometer strategy. 

Strategy 1, 

This strategy is characterized by an absence of a pattern in item 
selection, as indicated in Figure 1 (i). Items are selected in a random 
manner reflecting a trial-and-error approach to problem solution. 
Children's scanning actions play an important checking role in these 
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early strategies, with the effectiveness of their scanning largely 
determining goal attainment (English. 1988, 1992). 
Stratepifts 2 ■} 

These strategies are distinguished from the first by the 
presence of a pattern in item selection. The pattern is of an 
alternating or cyclic nature and is usually confined to one item type, 

as indicated in Figure 1 (ii) and (iii) (Xi, X2. X3, Xj, X2, X3 ). In 

strategy 2 however, the pattern is not continued throughout problem 
execution and is replaced by random item selection. Strategy 3 on 
the other hand, features a uniform pattern of item selection 
throughout problem execution. 

Strategies d ^t.^ 

The final two strategies are clearly evidenced by the presence 
of a constant item, as indicated in Figure 1 (iv) and (v). Strategy 5 
represents the most sophisticated procedure for solving the two- 
dimensional problems. It features only two new selections of item X 
for the 2 X 3 problem and three new selections for the 3 X 3 
problem, these being the minimum number needed for the 
respective problems. This means that each constant item is 
exhausted, that is, it is used repeatedly until it can no longer 
generate unique combinations. Strategy 4 however, does not exhaust 
the possibilities for each constant item, thus necessitating an 
additional new selection of item X. That is, strategy 4 involves 3 new 
selections of item X for the 2 X 3 problem and 4 for the 3 X 3 
problem. This renders it a less efficient procedure than strategy 5. 
Three-dimensiifna l strat«>gi> .y 

As for the two-dimensional problems, children's responses on 
the three-dimensional examples were converted to tree diagrams to 
enable the various strategies to be distinguished.. As previously 
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mentioned, the criterion used in identifying the more efficient 
strategies was the number of times children changed the major (X) 
and minor (Y) constant items. For the less efficient strategies, it was 
the extent to which the Y items wem exhausted, that is. matched 
with both Zi and Z2. The most efficient strategies feature the 
minimum number of new selections of the X and Y items. The least 
efficient strategies display the greatest number of new selections of 
the X and Y items because they do not exhaust complete sets of these 
Items. That is. the X items are not matched systematically with all 
the Y items which, in turn, are not matched with Ml the Z items 
(refer Figure 2). 



INSERT HGURE 2 ABOUT HERE 



To further define the three-dimensional strategies, the mean 
numbers of new X and Y item selections for each strategy were 
calculated from the responses of children across all problems. The 
results appear in Table 1. 



INSERT TABLE 1 ABOUT HERE 



This strategy involves the greatest number of new selections of 
items X and Y (refer Tablel) and is thus the most inefficient for 
solving the three-dimensional problems. As can be seen in Figure 2 
i. this strategy displays more Y items that have not been exhausted 
than have been exhausted. 
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Strategy 7. 

This strategy is more efficient than the previous one in that, as 
many as, or more, Y items are exhausted than are not exhausted. 
However not all of the Y items are exhausted, as shown in Figure 2 
(ii). The strategy is still an inefficient one, as can be seen by the 
frequency with which new X and Y items are selected (refer Table 1). 

Strategy 8. 

Strategy 8 is identified by the exhaustion of each Y item, that is, 
each Y item is matched systematically with both Zi and Z2 (refer 
Figure 2 iii). While each Y item is exhausted, the X items are not. 
That is, strategy 8 does not exhaust a complete set of X and Y items. 
Nevertheless, this strategy is more efficient than the previous two as 
it does not make as many new selections of X and Y items (refer 
Table I). 

Strategift5; Q and 10, 

The distinguishing feature of these final two strategies is the 
complete exhaustion of a set of X and Y items and hence a 
considerable reduction in the number of new item selections. While 
both strategies feature the same number of new selections of item Y. 
(4 and 6 such selections in the 2 X 2 X 2 and 2 X 3 X 2 problems 
respectively), they differ in the number of new X items chosen. 
Strategy 10 displays the minimum number (2) of new X item 
selections while strategy 9 involves an additional selection, as shown 
in Figure 2 (iv) and (v). 

The next section addresses a selection of findings from an 
analysis of children's strategy use across the pioblems. Following 
this, three case studies are presented to illustrate some of the ways in 
which children improved the efficiency of their strategies as they 
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progressed on the problems. These case studies serve as the basis for 
analyzing children's strategic and metastrategic knowledge growth in 
the combinatorial domain. 

Chil^rgn'?? pe rformance across the prohlpniQ 
Table 2 displays the frequencies with which children in each 
age group used the less efficient strategies (1 - 3 and 6 - 8) and the 
more efficient strategies (4 - 5 and 9 - 10) across the problems. 



INSERT TABLE 2 ABOUT HERE 



While there was no significant relationship between age and 
type of strategy used on the two-dimensional problems, the 
responses of the 11 and 12 year-olds on problem 3 are worth noting. 
In contrast to the 7 to 10 year-olds, the 11 and 12 year-olds mainly 
employed the more efficient strategies in solving this final, two- 
dimensional example, r = 3.87, df = 1. p < 0.05. On the three- 
dimensional problems, children in the 7 to 9 year age group did not 
perform as efficiently as their older counterparts. This was 
particularly the case on the fourth and fifth problems, where there 
was a significant correlation between strategy type and age group (7 
to 9 years. 10 to 12 years), r = 5.71. df = 1. p < 0.05 (problem 4). r = 
4.96, df = 1, p < 0.05 (problem 5). Children in both age groups 
displayed more efficient strategy use as they progressed to problem 
5, suggesting the presence of a practice effect. The efficiency of the 
II and 12 year-olds on these two problems is particularly 
noUceable. They demonstrated the most efficient strategy use of all 
the children, r = 9.26. df = 1. p < 0.005 (problem 4); r = 7.84, df = 1. p 
< 0.01 (problem 5). The final problem however, proved more 
difficult for both the younger and older age groups. Both groups 
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showed a decline in performance with the result that there was no 
significant difference in strategy use between them. It would have 
been interesting to compare the children's performance had an 
additional, 2X3X2 problem been presented. 

A record of children's strategy changes across selected 
problems appears in Table 3. 



INSERT TABLE 3 ABOUT HERE 



Strategy changes within each problem set (problems 1 to 3 and 
4 to 6) as well as between problem sets (problems 3 to 4 and 3 to 6) 
are shown in the table. With respect to the latter, half of the older 
children (10 to 12 years) changed from a sophisticated two- 
dimensional strategy ( 4 or 5) on problem 3 to a comparable three- 
dimensional strategy (9 or 10) on pix^blem 4, suggesting they were 
aware, at least implicitly, of the odometer principle underlying their 
strategy. This point is revisited later. Significantly fewer of the 
younger children (7 to 9 years) demonstrated this type of change. 
= 16.67. df = 3. p < 0.001. They were more likely to use an inefficient 
three-dimensional strategy before progressing to an efficient one. 
Several children in both age groups demonstrated a change from the 
less efficient to the more efficient three-dimensional strategies (6/7 
-> 9/10) in solving problems 4 to 6. although the differences 
between the groups were not significant. 

The numbers of children who achieved success with each 
strategy type (less efficient/more efficient) on problems 1 to 3 and 4 
to 6 are shown in Table 4. Successful performance on a set of 
problems was defined as solving all three problems in the set. 
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Children were classified as using a particular strategy type if they 
applied such strategies on at least two of the three problems. 



INSERT TABLE 4 ABOUT HERE 



On problems 1 to 3. children demonstrated success with both 
strategy types. Children using the less efficient strategies were 
successful largely because of their thorough checking actions. (The 
nature of these actions is discussed in English, 1992). 

Children were not as successful on the more complex, three- 
dimensional problems. A significant relationship between success 
and strategy type was recorded for these problems, r = 26.89, df = I, 
P < 0.001. Children using the less efficient strategies demonstrated a 
high failure rate, while those using the more efficient strategies were 
highly successful. No significant difference in the success of the 
younger and older age groups existed when the inefficient strategies 
were used. However for the more efficient strategies, there was a 
significant difference in the success of the older and younger age 
groups, with the older children achieving greater success than their 
younger counterparts, r = 5.44, df = I. p < 0.05. 

The progress of the older children on problems 4 to 6 raises the 
question of whether experience in solving the two-dimensional 
examples contributed to their successful application of sophisticated 
three-dimensional strategies. To address this issue, the responses of 
the 11 and 12 year-olds on problems 5 and 6 were compared with 
those in the control group who received these final two problems 
only. The results appear in Table 5, 



INSERT TABLE 5 ABOUT HERE 
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The data of Table 5 clearly show that the experimental group 
outperformed the control group on problem 5. with few children in 
the control group applying advanced strategies to solve this problem. 
The results of a chi-square test on the children's use of strategies 9 
and 10 (versus strategies 6 to 8) on problem 5 showed a significant 
difference between the two groups. d) ^ 13.53, p < o.OOl. It is 
interesting that no significant difference between the groups 
occurred on problem 6. The control group demonstrated a significant 
change from the less efficient to the more efficient strategies 
between problems 5 and 6. X2 = 4.17, df = 1. p < o.05. This suggests 
that experience in solving just one of the three-dimensional 
problems was sufficient for the children in the control group to adopt 
efficient procedures. 

Patterns o^r'^'ff igv Hi>vAlnp ».^p| 

Of interest to the present discussion are particular patterns of 
strategy development displayed by the children as they progressed 
across the problems. Three such patterns are examined: 

i. an inefficient 2-D strategy (strategy 1 or 2) -> an efficient 2-D 
strategy (strategy 4 or 5) -> inefficient 3-D strategy (6 or 7) -> 
efficient 3-D strategy (9 or 10) 

ii. an inefficient 2-D strategy -> an efficient 2-D strategy -> efficient 
S-D strategy 

iii. an inefficient 3-D strategy on problem 5 -> an efficient 3-D 
strategy on problem 6 (control group only) 

Case studies of children demonstrating these changes ai. presented 
in this section. 

Samu£k-a g^tl ^ Y,ars 2 month., tui.^ y ,.. ...h^^,^ 

Samuel's performance illustrates the first type of strategy 
change. He commenced the problems with strategy 2 where he 
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followed a pattern in his selection of tops but lost the pattern " 
towards the end of the problem when he duplicated an outfit This 
can be seen in his selecdon of items, reproduced below: 
blue top and orange pants 
green top and pink pants 
blue top and blue pants 
green top and orange pants 
blue top and pink pants 
At this stage, the child said he could not do any .ore. Upon being 
asked .f he was sure of this, the child proceeded to make: 

blue top and pink pants 
The interviewer then asked if all the bears were dossed differently 
San, replted. "No." retnoved the sixth bear, undressed it, and n.ade- 
green top and blue pants 

Th.s t,me, he followed a pattern in his selection of pants which he 
commenced part way into the problem. On the third problem 
however, he improved his strategy and nearly 'generated the 

complete odometer strategy His nc^. «f . . 

strategy 4 is illustrated 

below: 

blue pants and blue top 

orange pants and orange top 

blue pants and green top 

blue pants and orange top 
orange pants and green top 
orange pants and blue top 
pink pants and green top 
pink pants and orange top 
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pink pants and blue top 

siraidT 

'7 ' '""^ H= co^nented. Tve done a„ ,h 

colors so I know I can't do any '"^ 

Sam displayed an inefficient strategy (7) on , . 
"-ting .he following order of ite.s: 

orange top, pmk p,„^. ^^^^^^ 

P-k pants, green top, and blue tennis racket 
sreen top. yellow pants, and blue tennis racket 
orange top. pi„k pants, and blue tennis racket 
S...n top, yellow Pants, and yellow tennis racket 

A. thts po.„., the chUd stated. j„„ check what IVe done H 

then proceeded ,o make: 

ir^" top. pink pants, and yellow tennis racket 
orange top, yCow pants, and blue tennis racket 

( J. r^Z 1^^^^^ 

«™.e Ctop> and JTZTZTZ 
colored pants and this one (pointing to th. 

-;-.cket>is,st,Lthi:::e o:::;;:::--^ 

Te ;h~ ''-aU lis 

) just hke thts one (poindng to oange ,op/ycl,ow 
Pams/yellow tennis racket) but it has a blue racket 

On both the „fth and si«H problems, Sam adopted the 
efficent strategy (lO), as can be seen i„ h- 
selecti„„ w " ■« seen i„ his sequence of item 

selection on the final problem- 
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orange top, blue tennis racket, and orange pants 
orange top, blue tennis racket, and blue pants 
orange top, yellow tennis racket, and orange pants 
orange top, yellow tennis racket, and blue pants 
blue top, yellow tennis racket, and orange pants 
blue top, yellow tennis racket, and blue pants 
blue top, blue tennis racket and blue pants 
blue top, blue tennis racket, and orange pants 
yellow top, blue tennis racket, and blue pants 
yellow top, blue tennis racket, and orange pants 
yellow top, yellow tennis racket, and blue pants 
yellow top. yellow tennis racket, and orange pants 

When Sam had finished each problem, he stated that he could 
not do any mqre. When asked how he knew this, Sam replied, "Four 
greens and four yellows" (problem 5). When asked what he did with 
these, he responded, "I did green and blue with an orange racket and 
then green and orange with an orange racket. Then I did the same 
ones with a bluo racket." When the interviewer queried the child on 
his method for the final problem, he replied, "I used two orange tops 
with blue rackets and then I copied them down there using yellow 
rackets. I did the same thing each time. I made two outfits and 
swapped them around with the rackets." 

M3rk, qped tn Y^ars 11 month., fifth y ... ..^^^^ 

Mark's performance demonstrates the second type of strategy 

change. On problem 1. Mark followed strategy 2. He progressed to 

strategy 3 on the second problem, following a cyclic pattern in his 

selection of pants: 

blue top and yellow pants 
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2 8 

orange top and pink pants 
blue top and yellow pants 
orange top and pink pants 
green top and yellow pants 
green top and pink pants 
It was only at this point that Mark realized he had dressed the third 
bear the same as the first bear. He proceeded to remove the yellow 
pants of the third bear and replaced it with pink pants. He then 
continued to form a further combination: 

orange top and yellow pants 
When asked if all the bears were dressed in different outfits, Mark 
replied, "No. The fourth is the same as the second." and proceeded to 
remove the clothes of the fourth bear. While he tried a few times to 
change this outfit to the correct one. he was anable to do so. 

Despite using a cyclic pattern. Mark made two errors because of 
his failure to carefully monitor his actions. On the third problem 
however. Mark demonstrated a complete odometer strategy (5) 
which he useo confidently and efficiently. When presented with the 
three-dimensional problems, he used the most sophisticated strategy 
(10) and could clearly explain his method. He was consistent in his 
explanations for each of the three-dimensional problems. For 
example, he completed problem 4 as follows: 

orange top, yellow pants, and blue tennis racket 
orange top, yellow pants, and yellow tennis racket 
green top, yellow pants, and blue tennis racket 
green top, yellow pants, and yellow tennis racket 
orange top, pink pants, and blue tennis racket 
orange top, pink pants, and yellow tennis racket 
green top, pink pants, and blue tennis racket 
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2 9 

green top, pink pants, and yellow tennis racket 

When asked to descHbe his procedure. Mat* explained. "On two 
I d,d orange ,op/yellow pants with different ackets. I did green 
.op/yellow pants and changed the rackets. , did pink pants/orange 
■ops and changed the racket and pink pants/green tops and changed 
the rackets." A similar explanadon was given for his strategy on .he 
M* and sixth problen,s. On the latter, he stated, did it the san,e 
as before. I wen, through all the tops with yellow pants and changed 
■he rackets. Tlten , went th,.„gh all the tops with pink pants and 
changed the rackets." 

Similar explanations were offered by other children who used 
«rategy ,0, including Samuel as cited previously. Ann, a 9 year-old 
fourth-grade student stated, "I dressed two in the same colors and 
changed the colors of the tennis racket and I did that with all of 
■hem." Alicia (10 years) explained, "J did all flte same outfits with 
different tennis acke.s. I did two the same and changed the 
rackets.- Some children refetxed to the number of outfits they could 
make before changing the major constant item. For example 
Quentm (7 years) said, T did six with otange and then I knev. how 
many I could do with purple pants and r changed the tennis 
rackets." Twelve year-old Andrew claimed, "For the first four 1 used 
all yellow pants, two of each colored top and changed the colour of 
*e tennis racket and I did the same with all of them with pink 
pants." 

^'^''^^iSM.^ 11 vf.rs ,i„h V.,. 

Lauretta belonged to the control group who completed problems 
and 6 only. She applied stn,tegy 7 to preblem 3 and made an en-or 
doing so. On problem 6 however, she used strategy 10, without 
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error. On problem 5, she displayed the following order of 
combinations: 

blue pants, yellow top. and blue tennis racket 
green top. orange pants, and orange tennis racket 
blue pants, green top. and blue tennis racket 
orange pants, yellow top. and orange tennis racket 
yellow top, blue pants, and orange tennis racket 
orange tennis racket, green top, and blue pants 
orange pants, yellow top, and blue tennis racket 
blue pants, yellow top, and blue tennis racket 
orange pants, green top. and blue tennis racket 

On completion of these, Lauretta stated, "That's all I can do and I 
think I've made two the same. The first and the eighth are the same." 
She then removed the eighth outfit and attempted to dress it 
differently but realized it was again the same as another bear. She 
tried to dress e bear but unsuccessfully, commenting that she "can't 
fix it up." When asked to describe the procedure she followed. 
Lauretta explained. "First of all I just made an outfit and later tried to 
make one the same but with a different racket and I looked along and 
I tried to add something different that the one that was similar did 
not have." 

On the next (final) problem however, Lauretta applied strategy 
10 confidently and efficiently. She explained her procedure thus: 
"Well, first of all I used pink pants. I put pink pants, yellow shirt, 
and blue tennis racket. I did two with yellow shirts (and pink pants) 
but changed the tennis racket. Then I did the same with all the rest 
(referring to the remaining shirts) and then changed to orange pants. 
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Then , ,^„„^ ^.^^ 3 1 

eenn,s rackets and , j„s, did .ha, all .he way along - 

G.ve„ Aese changes in the children's sB^tegies it is worth h-, 

=n 1 " h «>e issue 

ques ,o„ ,s .he nature o, the principled knowledge underlying 

Changes as children adopt .o. sophisticated proced„„s. ,„ ' 
^d«,o„ the role „, „.etastra.egic knowledge in the solution pt^cess 

~. In addressing these issues. d,e cases studies o, the 
previous section are revisited. 

Changes i„ chlM^n. k.owiedge o„ .he twcdi^ensiona, 

problems 

It was noted earlier that children must meet n min' 
r.^*. . • . meet a minimum set nf 

. e types Of ..ents «, he combined and .o the uniqueness of the 
-1 ng con,hinati„„s. To identify the .ini.„u™ principled 

itl o e 7 °" -o»e an 

In IT ""^ '° ^"""""^ "> -"-tions 

r T " — - „ade a 

- . do.g so and did not detect the error until i. was pointed out 

- h... .nd.cat.ng a failure to effectively monitor his acUons. This 
,7 - - .0 Sa..s pre.c„pation with the patten, hi was 
foUowng .n his selection of tops. Nevertheless. Sa„ reali^ H 
-P- .h. inco^ect co^Mnation and proceeded to do so. Sa. 

ofons on this flrst prohle. suggest that he had an implicit 
Of the prh,cip,es of ^ 
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1988). as they pertain to the formation of two-dimensional 
combinations. These principles may be defined thus: 

The principle of two-dimensional combination asserts that an 
item from each of two sets of items must be combined. 
The principle of difference asserts that two or more combinations 
of items will be different from each other if they differ in at least 
one item. 



A knowledge of two other fundamental principles is also 
assumed in Sam's actions. These principles are derived from the 
counting domain and refer firstly, to the order irrelevance of item 
selection (Gelman and GallisteU 1978, p.82) that is. it does not matter 
whether a top, pair of pants, or tennis racket is selected first. The 
second principle pertains to one-to-one matching (Gelman and 
Gallistel, 1978, p.77) where each item is associated with its 
corresponding position on each bear. This latter principle was 
violated by a few preschoolers in an earlier study (English, 1988) 
where children attempted to create further combinations by 
reversing the positions of the items on the bears. It is interesting to 
note that only preschool children made this error and furthermore, 
knew that they were making an error. To them, it was a playful 
attempt at creating something "different." The school children on the 
other hand, preferred to adhere strictly to the "rules of the problem." 

Mark's performance on the second problem suggests that he was 
attempting to improve solution efficiency by following a complete 
pattern in item selection (yellow pants, pink pants, yellow pants, pink 

P*"^^ However Mark failed to monitor his progress and 

consequently made errors which he was unable to repair. He 
retained his cyclic pattern however, and incorporated this with the 
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use of a constant item on the third problem to produce a perfect 
odometer strategy. Sam had also developed an (almost) odometer 
strategy by the third problem. While he did not apply it perfectly, his 
comments as he checked his results indicated an understanding of 
this procedure ("Three blues, three greens, and three oranges. I've 
done all the colours.") 

There would appear to be four key components of the children's 
progress on the two-dimensional problems. Firstly, there was the 
appearance of a cyclic pattern in item selection. Both children 
commenced the problems with a cyclic pattern which they did not 
carry through to completion. They perfected this however, as they 
progressed to the second and third problems. This would suggest that 
these children commenced the problems with a partial knowledge of 
SYStgmatic VftriaUpn (English, 1988) which became more complete 
with experience. For the two-dimensional problems, this principle 
may be defined thus: 

The principle of systematic variation asserts that, within the one 
cycle of selection from two discrete sets of items, different 
combinations will be generated if items of the one type are 
varied systematically. This is irrespective of the second item 
chosen. 

The second component of the children's strategy development on the 
two-dimensional problems is the emergence of a constant item 
together with the retention of the cyclic pattern of item selection. 
This would suggest a knowledge of the principle of constancy for two- 
dimensional combinations (English, 1988): 

The principle of constancy asserts that, within the one cycle of 



34 



Children's strategic and metastrategic knowledge 

selection from two discrete sets of items, different combinations 
will be generated if an item of the one type remains constant 
while items of the other type vary systematically. 

The third and fourth components pertain to the exhaustion of the 
constant items and recognition of problem completion. Mark held 
items constant until they could no longer generate unique 
combinations; that is, he did not change his constant items until he 
had exhausted them. Furthermore, he knew when he had solved the 
problem and did not attempt to generate more than the maximum 
number of possible combinations. Sam, on the other hand, switched 
from blue pants to orange pants in the early stages of solving 
problem 3 and hence failed to exhaust these items. He nevertheless 
held the remaining blue and orange pants constant and also 
exhausted the pink pants. Furthermore, he recognized problem 
completion. The actions of these children suggest that both had a 
knowledge of the odometer strategy, however Mark had a more 
thorough understanding than Sam. More specifically, it is 
hypothesized that Mark had an implicit understanding of two 
additional principles, namely, exhaustion and completion (English, 
1988), while Sam appeared not to have acquired a complete 
understanding of the former principle. These principles may be 
defined for two-dimensional combinations, as follows: 

The principle of exhaustion asserts that a given constant item is 

exhausted when it can no longer generate combinations which 

are different from existing combinations. 

The principle of completion asserts that all possible combinations 
have been generated when all constant items have been 
exhausted. 
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While this principled knowledge is considered essential to 
problem success, it does not guarantee it. Other factors such as 
interpretative errors, difficulties in executing a plan correctly, and a 
failure to carefully monitor performance, can prevent problem 
solution (English, 1991, 1992; Gelman & Greeno, 1989). In the 
present study, children's skill in monitoring their actions and 
detecting errors is particularly important. However unless children 
can repair these errors, they will not achieve the problem goal of all 
different combinations as was evident in Mark's actions on the first 
problem. Initial problem success thus requires not only a knowledge 
of the aforementioned principles but also a metastrategic knowledge 
of the requirements of the problem, the means by which strategies 
can be monitored, the point at which repairs must be made and how 
these repairs can best be implemented. 
Changes in children's knowledge on the three-dimensional 

problems 

The responses of children displaying strategy 6, the most 
inefficient of the 3-D strategies, indicate that these children were 
adopting a trial-and-error approach. Even if they did have an 
implicit knowledge of the foregoing combinatorial principles, their 
actions and explanations suggest that they were unable to apply this 
to the solution of the three-dimensional problems. The responses of 
the following children support this hypothesis: 

"What I did, well, first I did any outfits I wanted to. Then I 

looked at them and then I changed the colour of the pants and I 

just kept changing them." (Rachel, 8 years) 
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.--sed U,e„ „p in any colours and , p„, , 
-» saw if any othen were different and I tried ,„ change i. i, i, 
w»nt different." (Chiistine. 10 years) 

^00^ a. Ute tops and the ..ckets. then , looked at the panu 
«■ .hen I looked at the „„e I was dressing ,o make sure i, 
-isn't the same." (Brett. 10 years) 

that *v,r°" " """^ p-*-'- 

.hat * could ™prove on her inefficient method and did so on U,e 

next (TOblem. She explained: 

■well. I did one (outfit) and then , looked up at it and then I did 
-other one and as , went, I kept looking a. all the other clothes 

T ""^ " <l« ^-e. I'd look a. i. and 

cbange it. Oh. now , know what I could have done. I could have 
P« all the blues in a Une ami aU the yellows in a line." 

Children who followed strategies 7 and 8 however 

demonstrated an awareness of the need to hold two i,:n.s constant 

wh.le varyrng the thiM. These children frequently referxed to .he 

formatH.n of pairs of outfits where two items are held 

. . , "s are held constant and a 

Uurd IS vaned, for example: 

■Fi-. Of all I just made an outfit and later tried to make one the 
same but with a different racke,.- (Lauretta. 11 years, su^tegy 

"What r do is. say , have a pink top and blue pair of pants and a 
blue racket, well , ,„„,^„ ^.^ ^ 

racket." (Peter 7 years, strategy 7) 

"I just pu. the same colors on both tears and jus. put different 
.enms rackets on and , did tha. with all of them." (Julie. „ 

years, strategy 8). 

37 BEST COPY AVAILABLE 
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The responses of these children suggest that they were able to 
apply a knowledge of constancy and systematic variation to the 
solution of the three-dimensional problems. However they did not 
always exhaust their constant items, as was evident in the responses 
of Samuel and Lauretta. It would seem that the complexity of these 
problems made it difficult for them to coordinate all components of 
the knowledge required for an efficient solution. 

While children displaying strategies 7 and 8 mentioned using 
two items twice and varying the third, they did not comment on 
exhausting an item. This was in contrast to children who displayed 
the more sophisticated strategies, 9 and ?0. These children usually 
referred to using an item until it could no longer generate new 
combinations, with some also stating the number of combinations 
they could form with a particular constant item. Children's 
explanations of these advanced strategies would appear to reflect a 
more comprehensive understanding of the combinatorial domain. To 
support this hypothesis, some of the children's responses are 
reproduced below: 

"I did six with orange and then I knew how many I could do with 
pink pants and I changed the tennis rackets." (Quentin, 7 years). 
"I used the same method as before. All the pink pants with 
different colored tops and different colored tennis rackets and all 
the orange pants with different colored tops and different colored 
rackets." (Danielle, 12 years). 

"I used all the pink pants with different colored tops and I put an 
orange tennis racket on three of them and then a blue racket on 
three of them. Then I used all the orange pants with different 
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colored tops and three with orange rackets and three with blue 
rackets." (Nicole, 10 years). 

"I had the same pants and the same top and two different rackets. 
Because there were two different colored rackets, I used two tops. 

I changed the tops again and put the two different rackets " 

(Kevin, 12 years). 

It would seem that these children were able to apply an 
understanding of all of the combinatorial principles to the solution of 
the three-dimensional problems. However this requires more than a 
mere application of the principled knowledge used in the solution of 
the two-dimensional examples. Children's knowledge of holding 
constant, throughout a single cycle, an item from one set (X), must 
now be extended to include a second (minor) item (Y) which remains 
constant for only a part of the overall cycle (refer Figure 2). The 
frequency with which this minor constant item -s changed is 
governed by the number of different items in the remaining, third set 
(Z), as 12 year-old Kevin noted. After each systematic variation of 
the items in the third set, a new minor item is selected. Knowing 
whether or not a major constant item has been exhausted involves 
consideration of whether each of the minor constant items has been 
exhausted. It was clear in the children's strategies that less 
competent problem solvers did not consider the exhaustion of either 
constant item, while more competent children focussed on the 
exhaustion of one constant item, and the most competent addressed 
both. As Fiona (12 years) mentioned while explaining her use of 
strategy 10 on problem 6, "I kept the same pink pants, two yellow 
shirts, and different rackets. Then I had to change to orange pants 
because there were no other colored shirts to use." It is argued that 

39 



Children's strategic and metastrategic knowledge 

this developing ability to monitor and coordinate the exhaustion of 
two constant items represento a growth in children's metastrategic 
knowledge. With experience in solving these problems, children 
become more aware of the problems' underlying structure and of how 
they can modify their inefficient strategies to produce more effective 
solution methods. This, in turn, enhances their understanding of the 
strategy (Gelman & Brown, 1986; Gelman & Greeno, 1989; Kuhn & 
Phelps, 1982; Kuhn, Amsel, & O'Loughlin, 1988; Pressley et al., 1985; 
Pressley et al., 1987). Metastrategic knowledge is thus considered to 
play a major role in children's acquisition and stabilization of efficient 
strategies and their discarding of less effective strategies (Kuhn et al., 
1988). 

It may be that the superior performance of the older children 
was due to their better developed metastrategic knowledge. It has 
been argued that older children are more capable of reflecting on the 
problem situation and that they "look for the rules of the game, and 
expect to extract a general rule" (Brown & Kane, 1988, p.519). 
Furthermore, the more sophisticated planning skills of older children 
would assist them in generating efficient solution strategies. As 
Rogoff et al. (1987, p.305) \jhtend, planning involves both the context 
of the task and the problem constraints, 'together with the skills and 
knowledge the problem solver brings to the situation. Older children 
are better able to integrate existing knowledge, are more likely to 
adjust their planning to the problem conditions, and are more able to 
coordinate multiple considerations in solving problems. The less 
effective planning of younger children may be due in part to their 
difficulty in coordinating the means and the goal in more complex 
problem solving. 
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Conclusion 

The present study investigated children's independent strategy 
development in solving a series of novel, two- and three-dimensional 
combinatorial problems. For each problem type, a sequence of five, 
increasingly complex, strategies was identified from the children's 
actions and explanations as they manipulated the problem materials. 
These strategies ranged from inefficient trial-and-error methods to 
efficient odometer procedures. Changes in children's strategy use as 
they progressed on the problems suggested modifications to their 
knowledge of the combinatorial domain. It was argued that children 
brought with them a body of principled knowledge that was requisite 
to problem solution. This included an implicit understanding of the 
principles of difference, combination, order-irrelevance, and one-to- 
one matching. Howeveir this principled knowledge alone, was not 
sufficient for problem solution. Children's ability to monitor their 
actions, detect and correct errors, and recognize problem completion 
played a crucial role in goal attainment. 

Previous studies (e.g. English, 1992) have shown that the nature and 
extent of children's monitoring has a significant bearing on their 
solution of novel combinatorial problems. However the major 
determinant of children's success in solving these problems is the 
interaction between their domain-specific knowledge and their 
general problem-solving processes (English, 1992). Case studies of 
children's responses in the present study have illustrated the 
importance of this interaction. 

The trends observed in this study reflect those of other studies of 
children's problem solving (e.g. DeLoache et al., 1985, Gelman & 
Brown, 1986). The "general learning mechanism" which, according to 
Gelman and Brown (1986, p.l88), characterizes children's problem- 
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solving behavior across age groups was evident in the present study. 
Children progressed from immature, trial-and-error behavior to 
efficient "expert" strategies, reflecting an awareness of the 
relationships among the components of each problem as a whole. The 
older children in particular, demonstrated this understanding with 
their ability to operate effectively with two constant items in solving 
the 3-D problems. The fact these children did switch, very rapidly, to 
more efficient strategies and abandoned their old inefficient ones 
suggests that they were becoming increasingly aware of the structure 
of the problems and were looking for ways to streamline their 
progress towards goal attainment. As children developed more 
advanced strategies they offered more sophisticated accounts of their 
actions. It is concluded that their experience in solving these 
problems contributed to a growth in both their strategic and 
metastrategic knowledge. 

Other studies have shown that children can invent procedures for 
solving arithmetical tasks without instruction (e.g. Carpenter, 1985; 
Silver & Marshall, 1990). Analyses of children's solution strategies in 
solving such tasks has indicated that they attend to the semantics of 
the problem situation, that is, they construct a representation that is 
based on an adequate understanding of this situation (Silver & 
Marshall, 1990). With respect to the present study, problems were 
selected from a novel domain and presented in a meaningful context. 
Problems of this nature enable children to connect new information to 
their existing knowledge structures and construct new relationships 
among those structures (Silver & Marshall, 1990). The domain of 
combinatorics provides a fertile source of problem-solving activities 
in which children can discover for themselves important 
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mathematical concepts and principles. Problems from this domain 
should form a part of the regular mathematics cuixiculum. 



43 



Children's strategic and metastrategic knowledge 



References 

Anderson, J. R. (1985). Cognitive psychology and its implicatinn;^ , 
2nd ed. New York: W. H. Freeman & Co. 

Ashcraft, M. H. (1990). Strategic processing in children's mental 
arithmetic: A review and proposal. In D. F. Bjorklund (Ed.), Children's 
Strategies: Conte mnorarv view s of cognitive development Hillsdale, 
New Jersey: Lawrence Erlbaum, 185-212. 

Bisanz, J., & LeFevre, J. (1990). Strategic and nonstrategic processing 
in the development of mathematical cognition. In D. F. Bjorklund 
(Ed-). Children' s Strategies: Contemporary views of cognitive 
devglopment. Hillsdale, New Jersey: Lawrence Erlbaum, 213-244. 

Bjorklund, D. F., & Harnishfeger, K. K. (1990). Children's strategies: 
Their definition and origins. In D. F. Bjorklund (Ed.), Children's 
Strategies: Contemporary view.^ of cognitive development Hillsdale, 
New Jersey: Lawrence Erlbaum, 309-322. 

Bjorklund, D. F., Muir-Broaddus, E., & Schneider, W. (1990). The role 
of knowledge in the development of strategies. In D. F. BjorJklund 
(Ed.), Children's Strategie s: Contemporary views of cognitive 
deyglQpment. Hillsdale, New Jersey: Lawrence Erlbaum, 93-128. 

Brown, A. L. (1990). Domain-specific principles affect learning and 
transfer in children. Co gnitive Sr.ienne. M , 107-133. 



44 



Children's strategic and metastrategic knowledge 

Brown, A. L., & Kane, M. J. (1988). Preschool children can learn to 
transfer: Learning to learn and learning from example. Co gnitive 
Psychology. 20 . 493-523. 

Burton, L. (1992). Do young children think mathematically? Early 
Childhood Care and Developm ent Journal, Special Edition on Ymip g 
Children an d Mathematics, 55-63. 

Carpenter^ T. P. (1985). Learning to add and subtract: An exercise in 
problem solving. In E. A. Silver (Ed.), Teaching and learning 
mathemat ical problem solving: Multiple research perspectives (pp. 
17-40). Hillsdale, New Jersey: Lawrence Eribaum. 

Carpenter, T. P., Moser, J. M., & Bebout, H. C. (1988). Representation of 
addition and subtraction word problems. lournal for Research in 
Mathematics Education . 19> 345-357. 

DcGuire, L. (1991). Permutations and combinations: A problem- 
solving approach for middle school students. In M. J. Kenny and C. R. 
Hirsch (Eds.), Discrete mathematics across the curriculum . K-12 (pp. 
59-66). Reston, Virginia: National Council of Teachers of Mathematics. 

DeLoache, J. S., Sugaiman, S., & Brown, A. L. (1985). The 
development of error correction strategies in young children's 
manipulative play. Child Development. 56 , 928-939. 

English, L. D. (1988). Young children's competence in solving novel 
combinatorial problems. Unpublished Ph.D. dissertation. University 
of Queensland. 



45 



Children's strategic and metastrategic knowledge 

English, L. D. (1991). Young children as independent learners. In G. 
Evans (Ed.), Learning and teaching cognitive skilk ACER 
Monograph Series on Cognitive Processes and Education (pp. 70-86). 
Melbourne: Australian Council for Educational Research. 

English, L. D. (1992). Children's use of domain -specific knowledge 
and domain-general strategies in novel problem solving. British 
Journal of Educatio nal Psvchology. 6?,. 203-216. 

Ericsson, K. A., & Oliver, W. (1988). Methodology for laboratory 
research on thinking: Task selection, collection of observations, and 
data analysis (pp. 392-428). In R. J, Sternberg (Ed.), The psvchology 
of human thought. New York: Cambridge University Press. 

Ericsson, K., & Simon, H. (1984). Protocol analysis: Verbal renorfs as 
data. Cambridge, MA: MIT Press. 

Flavell, J. H. (1963). The developmental psychology of Jean Ptag^ t 
New York: D. Van Nostrand Company- 
Garner, R., & Alexander, P, A. (1989). Metacognition: Answered and 
unanswered questions. Educational Psychologist. 24 , (2), 143-158. 

Garofalo, J., & Lester, F. (1985). Metacognition, cognitive monitoring, 
and mathematical performance. J ournal for Research in Mathematics 
P duc^tiQ n, lA, 3, 163-176. 



4B 



Children's strategic and metastrategic knowledge 

4 6 

Gelman, R.. & Brown. A. L. (1986). Changing views of competence in 
the young. In N. J. Smelser and D. R. Gerstein (Eds.). Rfth.viar.i .n^ 
social science; F i fty years of discoyery (pp. 175-207). Washington, D.C. 
National Academy Press. 



Gelman. R.. & Gallistel. C. R. (1978). The child's und erstanding nf 
"^"^t>er, Cambridge, MA: Harvard University Press. 

Gelman R., & Greeno, J. G. (1989). On the nature of competence: 
Principles for understanding in a domain. In L. B. Resnick (Ed.), 
Knowing, le?>rning. ^nd nndgrstanding (pp. 125- 186). Hillsdale. New 
Jersey: Lawrence Erlbaum. 

Gelman, R.. & Meek. E. (1986). The notion of principle: The case of 
counting. In J. Hiebert (Ed.), Conceotu;;' .n d procednml ^n.^^y^ .Hp.. 
Thg case of mathematics (pp. 29-57). Hillsdale, New Jersey: Lawrence 
Erlbaum. 



Graham, C. 2. (1991). Strengthening a K-8 mathematics program. In 
M. J. Kerthy & C. R. Hirsch (Eds.), Discrete mMhpm atics ar.ro.c th. 
Curricghu ii._Kd2 (pp. 18-29). Reston. Virginia: National Council of 
Teachers of Mathematics. 



Greeno, G. J., & Riley. M. (1987). Processes and development of 
understanding. In F. E. Weinert & R. H. Kluwe (Eds.). Metacop nitinn 
motivation, f ^ pj und<^r^tqn(iin£ (pp. 289-316). Hillsdale. New Jersey: 
Lawrence Erlbaum. 



Children's strategic and metastrategic knowledge 

Halpern. D. F. (Ed.). (1992). Enhancing thinking skills in the sciences 
and mathematics. Hillsdale, New Jersey: Lawrence Erlbaum. 

Hamann, M. S., & Ashcraft, M. H. (1985). Simple and complex mental 
addition across development. Journal of Experimental Child 
Psychology 40, 49-72. 

Harnishfeger, K. K., & Bjorklund, D. (1990). Children's strategies: A 
brief history. In D. F. Bjorklund (Ed.), Children's strategies: 
Cont<?mporarv views of cognitiv e develop mptif (pp.1.22). Hillsdale, 
New 'Jersey: Lawrence Erlbaum. 

Inhelder, B.. & Piaget , J. (1958). The growth of logical thinlfing; 
From childhood to adolescence. London: Routledge and Kegan Paul. 

Jones, B. F. (1991). Thinking and learning: New Cunicula for the 21st 
century. Educational Psychologist 7f; 2, 129-144. 

Karmiloff-Smith, A. (1979). Problem-solving construction and 
representations of closed railway circuits. Archives of Psvcholof[v. 47 , 
37-59. 

Karmiloff-Smith, A. (1984). Children's problem solving. In M. Lamb, 
A. L. Brown, & B. Rogoff (Eds.), Advances in educational psvchology , 
SSill (pp. 39-90). Hillsdale, New Jersey: Lawrence Erlbaum. 

Kuhn, D., & Ho, V. (1980). Self-directed activity and cognitive 
development. Journal of Applied Developmental P<;vchologv. ] , 119- 
133. 

43 



Children's strategic and metastrategic knowledge 



Kuhn. D.. & Phelps, E. (1982). The development of problem-solving 
strategies. In H. W. Reese (Ed.). Advances in child dp.vpJnp m^nT 
t>ghaviQr (pp. 2-43). New York: Academic Press, 2-43. 

Kuhn, D., Amsel, E., & O'Loughlin (1988). The develop mftnt 
scientific thinking skills. Orlando, FL: Academic Press. 

Larkin, J. H. (1984). A research methodology for studying how people 
think. Journal of Research in Sciftnce T eaching. 9.1 , (3), 235-254. 

National Council of Teachers of Mathematics (1989). Curriculum anH 
evaluation standards for schnnl mathp.maftf^ji , Reston, Virginia: 
National Council of Teachers of Mathematics. 



Piaget, J. (1957). Lo^ic and P.-^yrhninpy New York: Basic Books. 



Piaget, J., & Inhelder , B. (1975). The origin nf the idaa nf rh^n^^ in 
ghildren. New York: W. W. Norton & Company. 

Prawat, R. S. (1989). Promoting access to knowledge, strategy, and 
disposition in students: A research synthesis. Review of F .ducatinnnT 
Research. 59 (1), i-4i. 



Pressley, M., Borkowski, J. G., & Schneider, W. (1987). Cogniti 
strategies: Good strategy users coordinate metacognition and 
knowledge. Annals nf Child Devft^opment■ Vnlnm^ 4 , 89-129. 



Children's strategic and metastrategic knowledge 

Pressley, M.. Forrest-Pressley, D. L., Elliott-Faust, D.. & Miller, G. 
(1985.) Children's use of cognitive strategies, how to teach strategies, 
and what to do if they can't be taught (pp.1-47). In M. Pressley & C. 
J. Brainerd (Eds.), Cognitive learning anH memory in children . New 
York: Springe- Verlag. 

Resnick, L. B. (1986). Cognition and instruction: Recent theories of 
human competence and how it is acquired. In B. L. Hammonds (Ed.), 
PSYQhoIogy and learning: The m aster lecture series, vc] d (pp. 123- 
187). Washington, DC: American Psychological Association. 

Resnick. L. B., & Resnick, D. P. (1990). Assessing the thinking 
curriculum: New tools for educational reform. In B.R. Gifford & M. C. 
O'Connor (Eds.), Chaneina assessments! Alternative views nf ap titi^H^, 
a^chievcment and i nstruction. Boston: Kluwer. 

Rogoff, B., Gauvain, M.. & Gardner, W. (1987). The development of 
children's skills in adjusting plans to circumstances. In S. L. 
Friedman, E. Kofsky Scholnick, & Cocking, R. R. (Eds.), Bleuprints for 
thinking: The role of planning i n cognitive develnpmftnt (pp. 303- 
321). New York: Cambridge. 

Scardamalia, M. (1977). Information processing capacity and the 
problem of horizontal decalage: A demonstration using combinatorial 
reasoning tasks. Child Development 4« 28-37. 

Siegler, R., & Jenkins, E. (1989). How children Hism er new stratPp i^.; 
Hillsdale, New Jersey: Lawrence Eribaum. 



50 



Children's strategic and metastrategic knowledge 



50 



Silver. E.A., & Marshall, S. P. (1990). Mathematical and scientific 
problem solving: Findings, issues, and instructional implications. In B. 
F. Jones and L. Idol (eds.). Dimensions n f thinlriny anH ^ 'of>nH"T 
instrggtign. . Hillsdale, New Jersey: Lawrence Erlbaum, pp 265-290. 

Sommerville, S. C, & Wellman, H. M. (1979). The development of 
understanding as an indirect memory strategy. Journal nf 
pxperimpt iial Child P.svchnlopv 27, 71-86. 

Sternberg, R. J. (1985). Beyond TO- A in^rc.hir th.nry Uy^^^ 
intelligence . Cambridge: Cambridge University Press. 



51 



Children's strategic and metastratcgic knowledge 

Table 1 

Megn Ngml?erg pf New X anrl Y Item Sfil^rti o ns for thP Thrpe-dimensional 
Strategies 



New selections of Item X New selections of item Y 
on the 2 X 2 X 2 tasks on the 2 X 2 X 2 tasks 



Strategy 


l\/lean 


Range 


SD 


lUlean 


Range 


SD 


6 


5.2 


3 


0.8 


6.5 


4 


1.0 


7 


4.6 


2 


0.7 


5.6 


3 


0.9 


8 


4 


0 


0 


4 


0 


0 


9 


3 


0 


0 


4 


0 


0 


10 


2 " 


0 


0 


4 


0 


0 




New selections of item X 
on tile 2 X 3 X 2 task 


New selections of item Y 
on tile 2 X 3 X 2 task 


Strategy 


Mean 


Range 


SD 


l\1ean 


Range 


SD 


6 


7.3 


3 


1.1 


9.2 


4 


1.4 


7 


5.8 


3 


1.6 


7.4 


3 


1.1 


8 


4.6 


2 


0.7 


5.4 


2 


0.7 


9 


3 


0 


0 


6 


0 


0 


10 


2 


0 


0 


6 


0 


0 
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Table 2 

Frequency of Strategy Use Hess efficient / more efficient^ bv Ag& on 
Problems 1 to 6 



Problem 1 Problem 2 Problem 3 



Strategies * 



Age 
(Yrs) 


1-3 


4-5 


1-3 


4-5 


1-3 


4-5 


7 


6 


6 


4 


8 


4 


8 


8 


. 8 


4 


6 


6 


6 


6 


9 


5 


7 


1 


11 


5 


7 


10 


3 ' 


9 


4 


8 


4 


8 


1 1 


8 • 


4 


4 


8 


3 


9 


1 2 


3 


9 


1 


11 


1 


11 



Problem 4 Problem 5 Problem 6 



Strategies * 



Age 
(Yrs) 


6-8 


9-10 


6-8 


9-10 


6-8 


9-] 


7 


11 


1 


7 


5 


8 


4 


8 


7 


5 


4 


8 


7 


5 


9 


8 


4 


6 


6 


5 


7 


1 0 


8 


4 


5 


7 


6 


6 


1 1 


5 


7 


1 


11 


4 


8 


1 2 


3 


9 


2 


10 


4 


8 



* Note . Inefficient strategies: 1-3 (2-D) and 6-8 (3-D) 
Efficient strategies: 4-5 (2-D) and 9-10 (3-D) 
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Table 3 

SBeSLfeStraiegy Chf^„.^ a.,^^. P.cnhlmii 



Prob.c™.,.>3 Prob,,n»3.>4 Prob..„„3.>6 



Type of ^ ■ i-roflemsS->6 Problems 4.> 



Problems 4 -> 5 Problems S-> 6 



vs 7-9 yrs 10-12 



\t2->Al$ 6 7 

1/2 -> 9/10 
4/5 -> 9/10 
6/7 -> 9/JO 

6/7->8 ■ ^^722 
~ — ^ 0 0 3 



2 2 4 5 

® 18 12 17 



N (7-9) yrs) = 36 



54 



yrs 7-9 yrs 10-12 



10 6 
1 4 
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Table 4 

Fregggncy of Problem .Success by Str ategy Typ fi anH Aqa 
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Problems 1 to 3 



Problems 4 to 6 





Strategies 


1-3 Strategies 




Strategies 6-8 


Strategies 9-10 


Age 


Succeed Fail 


Succeed 


Fail 


Succeed Fail 


Succeed 


Fail 


(Yrs) 


















7 


4 


2 


4 


2 


3 


6 


2 


1 


8 


5 


2 


5 


0 


2 


5 


4 


1 


9 


2 


1 


8 


1 


1 


4 


4 


3 


10 


2 


2 


6 


2 


0 


6 


6 


0 


11 


3 


0 


8 


1 


1 


4 


6 


1 


12 


1 


0 


10 


1 


1 


2 


9 


0 
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Table 5 

Strategy use on Probl ems 5 and ft bv the Control and Experimental Groups 



Problem 
5 6 

Strategy . 

type Control Experimental Control Experimental 



6 10 1 3 1 

7 3 2 2 1 

8 2 0 5 6 

9 4 7 1 5 
10 5 14 13 11 
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